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Determination of Extreme Entry Angles into a
Planetary Atmosphere

J WARGA* AND W C H ALLEY!
Avco Corporation, WilmingtoUj Mass

Aei odynamic biaking may be used as one means of slowing down a vehicle and thus mini-
mizing retioiocket lequirements This laises the following problem: what are the steepest
and the shallowest angles at which a spaceship may enter a given atmosphere with a given
velocity VQ and, after appropriate maneuvering, emerge from the atmospheie at an angle and
with a velocity that satisfy certain preassigned conditions? Methods developed previously
are applied in this paper to the foiegoing problem It is assumed that the planet is a peifect
homogeneous spheie and that the motion of the vehicle is confined to a plane passing through
the center of the planet The maneuvei ing consists in modulating the lift-to-drag ratio while
keeping its absolute value below a prescribed maximum The pioblem is reduced to a vari-
ational pioblem of the type discussed in a previous papei One of the conclusions reached is
that the optimized lift-to-diag ratio takes on no other values than its permissible minimum
and maximum except during the poition of the flight (if such portion exists) when that path
is veitical, at which time the lift-to-drag ratio is zeio This conclusion was reached assuming
that the lift-to-drag ratio enteis the equations of motion linearly and that the diag coefficient
is constant A computational proceduie is developed to determine the thrust-augmented
aei odynamic entry conidors and the corresponding lift-to-drag programs and resultant tra-
jectoiies This piocedure is then applied to the study of the thiust-augmented entiy conidois
for Mais foi vaiious vehicle chai actei istics and conditions

Nomenclature

7 = angle made by velocity vector of spaceship with local
horizontal

h = altitude of spaceship above surface of planet
v = velocity of spaceship
p(h) = atmospheric density at altitude h
R = radius of planet
A = reference area
m = mass of spaceship
CD — drag coefficient of spaceship
0(0 = ratio CL/CD of lift to drag at time t
g = acceleration due to gravity at surface of planet

I Introduction

LET it be assumed that a spaceship is approaching a planet
at a high velocity VQ and that it is desired to slow it down

substantially (e g , preparatory to placing it into a pre-
assigned orbit about the planet) using aerodynamic braking
as one means of saving on the use of retrorockets The ship
\\ ould thus be made to enter the atmosphere of the planet at a
certain angle, would perform a maneuver while in the atmos-
phere consisting of modulating its lift coefficient within pre-
assigned bounds, and would emerge from the atmosphere at
an angle and with a velocity that may have to satisfy certain
preassigned conditions (such as, e g , would permit it to
achieve a desired orbit using only the available rocket capac-
ity) The question then arises: what are the steepest and
shallowest angles at which the spaceship may enter the
atmosphere with a given velocity v0 and, after appropriate
maneuvering, emerge out of the atmosphere at an angle and
with a velocity that satisfy the preassigned conditions, if any?
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1 hese two angles (the steepest and the shallowest) will be re
feired to as "extreme entry angles "

Let it be assumed that the planet is a perfect sphere and
that the motion of the spaceship is confined to a plane passing
through the center of the planet The equations of motion
of the spaceship are then

dy = v
dt R + h

R COS7

dh
- = *sm7

- = - - - (h)v*C - ( R V

It is assumed that the atmosphere effectively extends up
to the altitude he, that CD is fixed, and that 0(t) can be vaiied
at will as time progresses while remaining bounded by the
numbers —a and a, where a is a preassigned number

The conditions that are imposed on the velocity v and the
angle y of the vehicle when it emerges from the atmosphere
may be rather arbitrary The following four cases will be
considered: 1) v and y are arbitrary; 2) $(£,7) ^ 0, where
0 is a given differentiate function; 3) 4>(v,y) = 0, where </> is
a given differentiate function; and 4) v and 7 have pre-
assigned values

The mathematical problem of determining the steepest
(respectively shallowest) entry angle can now be described as
follows: determine a positive value T, a function 6(t) defined
over the interval 0 < t < T such that —a < 6(t) < a, and
values v and y satisfying cases 1-4, respectively, so that the
solution of Eq (1) with "initial conditions" v(T) = v, y(T) =
y, h(T) = KE is such that y(0) = t>0, h(ty = hE, and 7(0) is
minimum (respectively maximum)

A procedure for determining the steepest (respective!}
shallowest) of the extreme angles and the corresponding
maneuver will be discussed in the ensuing sections of this
paper 1 his procedure is based on the approach of Ref 1
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SPACECRAFT ATMOSPHERIC
EXIT VELOCITY VECTOR

LOCAL HORIZONTAL Table 1 Martian atmospheric density

Fig 1 Exit velocity constraint

Entry Conidors into Mars

We shall now briefly describe the results obtained in deter-
mining the entry corridor into Mars when the conditions im-
posed on the vehicle as it emerges from the atmosphere are of a
special kind It is intuitively obvious that specifying a
unique atmospheric exit velocity vector would impose an un-
necessarily severe constraint It was decided, therefore, to
permit the spacecraft atmospheric exit velocity v# to be such
that a horizontal vector velocity of desired magnitude
(circular orbit velocity) could be obtained at exit time by
adding to VE an incremental velocity vector Av of specified
magnitude and appropriate direction (see Fig 1) This
condition is of the type of case 3, where the function 0(z>,7) =
£2 — %VEDV cos7 + vE

2 — Av2 = 0, £and 7 are the velocity and
angle of the exiting vehicle, VE is the desired scalar velocity,
and Av = |Av|

Figure 2 depicts the thrust-augmented aerodynamic entry
corridor for Mars as a function of m/CnA and Av for entry
velocity of 25,000 fps, entry and exit altitude of 800,000 ft,
orbit velocity of 11,200 fps, and a = \L/D\m x = 0 and 0 5
The atmospheric density model employed is presented in
Table 1

When a = \L/D\m x = 0 5, it is apparent from Fig 2 that
the shallowest entry angle (corresponding to the "overshoot"
trajectory) is insensitive to At; for all values of m/CDA being
considered On the other hand, the steepest entry angle
(corresponding to the "undershoot" trajectory) vaiies sub-
stantially with Av for each of the values of m/CnA under
consideration Although it is not shown on the figure, the
increase in the corridor width falls off abruptly somewhat
beyond the Av = 3000 fps bound The reason for this is that
an entry angle is approached for which the vehicle can no
longer emerge from the atmosphere, i e , max L/D exerted in
a positive direction throughout the flight is inadequate to
effect a pullout

The depicted corridors represent the theoretical maximum
attainable for the stated conditions In other words, if the
lift program were prepared with the complete knowledge of
all pertinent parameters and conditions and were faithfully
executed, these would be the attainable corridors To the
extent that the actual capacity of the vehicle to maneuver

ENTRY ALTITUDE 800,000 FT
ENTRY VELOCITY 25 000 FT/SEC

Fig 2

-10 12 -14 16 18 -20 -22 24
ENTRY FLIGHT PATH ANGLE XES degrees

' + 400 ' 200 ' 0 ' 200 '400'
VACUUM PERIAPSIS ALTITUDE ft x 10 3

Thi list-augmented aerodynamic orbit coiridor foi
Mars

Altitude h, ft

0 0
100 000 0
200,000 0
300 000 0
400 000 0
500,000 0
600 000 0
700 000 0
800 000 0

Density p, slugs/ft3

18 991 X 10-5

4 893 X 10 ~5

5 398 X 10 ~6

2 486 X 10 -7

8 000 X 10 ~8

4 486 X 10 ~8

2 796 X 10-8
1 299 X 10 -8

5 301 X 10-9

and the actual atmospheric conditions depart from our
assumptions, the corridor width will be correspondingly
affected

Figure 3 gives a general picture of typical "overshoot" and
"undershoot" trajectories, and Fig 4 depicts the time history
of a typical "undershoot" trajectory

II Necessary Conditions for Minimum

It will be assumed in the sequel that there exists a
maneuver that yields the steepest (respectively shallowest)
entry angle and that also permits the vehicle to emerge from
the atmosphere in a manner consistent with the appropriate
condition (case 1, 2, 3, or 4) Furthermore, it will be assumed
that the corresponding vehicle path in the atmosphere never
touches the surface of the planet and that the vehicle velocity
never approaches zero

The existence of such a maneuver should not be always
taken for granted If the initial velocity VQ, the atmospheric
density, or other parameters and functions of the problem are
outside appropriate ranges, then it may be that no solution of
Eqs (1) can possibly yield "exit" values consistent with cases
1-4, respectively The detailed analysis of conditions that
insure the existence of an appropriate maneuver is, however,
outside the scope of this paper

Let Xi = 7, £2 = h, Xs = v, x = (x^x^x^), and let — fi(x,6),
~Mx,6), —fa(x,0) repiesent, respectively, the right-hand
sides of the first, second, and third equation of system (1)
Setting T=T-t,Q£t^T, yM = Xi(T - t), i = 1,2,3,
<T(T) = B(T — t), one can now rewrite system (1) in the form

= fi(y,<r) i = 1,2,3 (2)

It is desired to consider positive numbers T, functions G(T)
defined over the interval [0,T], and numbers v and 7 such that
— a < <T(T) < a for 0 < r < T, v and 7 satisfy case 1, 2, 3, or
4, and the solution yi(r), i = 1, 2, 3 of system (2) with initial
conditions

- 7 - hE (3)

yields yz(T) = hE, ys(T) = VQ Among all such choices of T,
<r(r)j v, and 7, it is desired to determine one that yields the
minimum (respectively maximum) of y\(T)

It can be easily verified that this problem is a "relaxed
variational problem" as defined in Ref 1 Applying the
results obtained there and specifically those of theorems 4 1
and 5 1 and the considerations of Sec VII, one obtains the
following conditions

There exist functions 2i(r), 22M, ZZ(T) (not all simultane-
ously zero) such that

= 1,2,3 (4)

dzi
dr

Zi i = 1,2,3 (5)

?i(r)/i[j/(r),<7] = 0 (6)
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] ' '
> 0 if we seek the steepest anglej > 0 if we s

( < 0 if we s:' 0 if we seek the shallowest angle

y*(T) = hE ys(T) = ^o (8)
Ihe conditions at r = Q(t = T) depend on which of the

restrictions 1-4 is considered Specifically, if one considers
case 1, then

= 0 z3(0)

and if one considers case 2, then either

0 (9)

or

and if one considers case 3, then

0(5,f) < 0 (10)

~ 0(5,f) = 0oy uv
(ID

where e equals either +1 or — 1 If one considers case 4, then
y = y v = V (12)

where y and v are the preassigned values
Systems (4) and (5), explicitly written out, are

2/3
5R

~- = -1/3ar

1 A
9 -2 m

smj/!

Y~l .
J \ *°«

i COS2/1 Z% — cos?/i

dr
1 A dp

. "I
Sm?/1 J

T~dr
cos?/i
^n —_E + 2/2

1 A
o ~2 m

# Y 1-: — cosz/i
+ 2/27 J

(13)

+ si
J

Relation (6) implies that cr(r) minimizes — ZI(T)O- over the
interval — a<o-<a; hence,

= f
|
a if ZI(T) > 0
-a if ZI(T) < 0 (14)

Ihis last relation defines o-(r) uniquely whenever z\(r) ^ 0
Now let Z = [rfl < r < T, ZI(T) - 0} Theorem 5 1 of
Ref 1 yields (after a certain amount of algebraic manipula-
tion) the relation

2/3 cos?/i 22 — g[R/(R + yz) P = 0 a e in Z (15)

IF POSITIVE LIFT WERE
MAINTAINED IN UNDERSHOOT
CASE THE DASH TRAJECTORY
WITH UNDESIRABLE EXIT
CONDITIONS WOULD RESULT OVERSHOOT

LOCAL HORIZONTAL
r

UNDERSHOOT

CORRECTION AV
TO ATTAIN DESIRED
ORBIT

Fig 3 Entry conidoi flight geometij

Furthermore, relation (6) implies
1 A
o -z m

/ 7? \2 "1
( ^rrr~ ) sin^ z* =\ii -h 2/27 J

O a e \nZ (16)

Since z\ = 0 in Z and the vector (z^ 22, 23) ig nonvanishing,
Eqs (15) and (16), considered as linear equations in z% and z%,
must have a singular matrix; hence (after simplification),

j) cos?/i/2m = 0 a e m Z

and, since, by assumption, p ^ 0 and i/3 5^ 0, it follows that

COS2/1 = 0 a e in Z (17)

Since almost every point in a set Z is a limit point of the set,
relation (17) implies dyi/dr = O a e in Z; hence, in view of
(17) and (13), Ap(yz)ysCD(r/2m = O a e i n Z o r o - = Oae
inZ

III Computational Approach.

It follows from the considerations of Sec II that the
functions yM = y(T - r), y2(r) = h(T - r), y,(r) =
v(T — r), and the "dual" functions ZI(T), ZZ(T), z3(r) (not all
three simultaneously vanishing) satisfy, over the interval
[Q,T], the simultaneous system of ordinary differential equa-
tions (13) in which, almost everywhere in [0,1'],

a if 2i(r) > 0 and cosyi ^ 0

-a if ZI(T) < 0

0 if ZI(T) = 0 and cos?/! = 0

(18)

T he solutions of this system must satisfy the boundary condi-
tions at r = T described in (7) and (8) and the conditions at
r = 0 described in (3 and 9-12), respectively Finally,
relation (6) must hold a e in [0,T]

In general, the solution of boundary-value problems in
oidinary differential equations presents considerable numeii-

LIFT/DRAG
0 75i

05 -

0

-05

-10

h ——(IN UNITS OF
10000 FT)

r A —— (IN DEGREES)
v D —— (IN UNITS OF

I 000 FT/SEC)
LIFT/DRAG 0 — — -

10

Fig 4 liajectoiy parameters vs time
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cal difficulties However, in all of the cases here considered,
the problem can be "usually" solved by varying one single
parameter in the initial conditions until one single end condi-
tion is satisfied To illustrate the procedure, let case 4 be
considered

Since the functions ZI(T), 22(r), ZS(T) can never vanish simul-
taneously and since they appear in a linear and homogeneous
manner in all the pertinent relations, the latter will remain
satisfied if the vector Z(T) = [ZI(T), 22(r), ZZ(T)] is multiplied
by an arbitrary positive constant It may thus be assumed
that

z2
2(0) (19)

Now let a value 21 (0) be chosen satisfying |zi(0)| < 1 Then
relations (18) and (13) permit us to compute dyi(G)/dt
Relation (6) can be rewritten as

= o (20)

Thus, for the given 21 (0), (19) and (20) can be solved for
z2(0)_and 2_3(0), yielding, in general, two solutions: 22(0), 23(0)
and 12(0), I3(0) Each of these initial conditions for zi, z2, 23,
combined with ?/i(0) = 7, 2/2(0) = hE, yz(Q) = v, permits one
to solve system (13) [with <T(T) defined ae by (18)] for
increasing values of r If, at some value of r, one of these
solutions yields y^(r) — hE, the value of i/3(r) is compared with
VQ This process is then repeated for various choices of 21 (0)
within the interval — 1 < 2i(0) < 1 until one of the corre-
sponding trajectories yields simultaneously, for some value
r = T, y,(T) = VQ and y^T) = hE

This procedure can be followed unless cos?/i(r) = ZI(T) = 0
for some value of r being considered If, for some "trial"
solution of system (13) [corresponding to some choice of 21 (0)
and either 22(0), 23(0) or 22(0), 23(0)], there exists a value r\
such that cost/i (TI) = 21 (TI) — 0, then a further choice must be
made of a number An such that a(r) is chosen as zero for
TI < r < TI + ATI, resulting in the equalities cost/i(r) =
ZI(T) = 0 holding over the same interval

IV Determination of a Typical Trajectory

As an illustration, let the following problem be considered
A spaceship approaches Mars, and its velocity at an altitude
of 800,000 ft over the surface of Mars is 25,000 fps (The
Martian atmosphere is assumed to end effectively at 800,000
f t ) It is desired to place the vehicle in a circular orbit about
Mars at a height of 800,000 ft by imparting to it at an appro-
priate time and in an appropriate direction a velocity in-

crement of 3000 fps What is the steepest angle at which the
vehicle may enter the atmosphere of Mars so that, with
appropriate maneuvering, it may emerge from the atmosphere
under conditions permitting one to place it in the desired
orbit with the pieassigned velocity increment?

The velocity of a Martian satellite following a circular
orbit at an elevation of 800,000 ft over the surface of the
planet is 11,220 fps If a vehicle emerges from the atmos-
phere with a velocity v and at an angle 7 to the local hori-
zontal, an appropriately directed velocity increment of 3000
fps will place it in the desired orbit if

30002 = 11,2202 + v2 - 22,460£ cosf (21a)
or

v2 - 22,460£ cosf + 1 168886 10s = 0 (21b)
This is a condition of the type specified in case 3 with <j>(v,y]
equal to the left-hand side of Eq (21b) It follows that
conditions (11) apply at r = 0

Now let the following procedure be followed: a value of
e of +1 or —1 and a value of v are chosen Then Eqs (21)
yield a value of 7 such that 0 < 7 < 90°, and relation (11)
yields 21 (0) and 23(0); then (14) yields o-(O), and (6) considered
at r =0, yields 22(0) Then system (13) [with <J(T) defined
in (14)] is integrated forward with the initial conditions
specified by

2/i(0) = 7 2,2(0) = hs = 800,000 2/s(0) = v

and by the calculated values of 21 (0), 22(0), 23(0) If, for some
value of r, 2/2 (T) becomes 0 (the vehicle hits the ground),
another choice of v is made and the procedure repeated If.
for some value T of r, yz(T) = 800,000, the value of yz(T) is
compared with the number VQ = 25,000, and the algebraic
sign of 2i(77) is checked

This procedure is repeated for varying values of v and for
choices of e of +1 or —1 until values are found which yield
y*(T) = 25,000 and zi(T) > 0 Figure 4 represents the time
history of y, 7, h, and C^/CD for a solution obtained by this
procedure in the following case:

CD = 01 -0 5 < CL/CZ> < 0 5 A/m = 1
The following values were also used: g = 120534 ft/sec2,
R = 11,193,600 ft, and the density table as shown in Table 1
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